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The symplectic group was first investigated by Abel, and since that time 
questions relating to its simplicity have been dealt with by Dickson [2] and 
DieudonnC [3]. W7ith but three exceptional cases it has been found that 
the only proper normal subgroup of a symplectic group is {-+-I} (see [l] 
or [31)* 
Recently Klingenberg [4] effected a significant generalization of these 
results by extending them to an arbitrary commutative local ring (with 
suitable residue class field). In doing so however, he assumed that the under- 
lying alternating form is unimodular, i.e., has unit discriminant. He was 
able to prove in this case that every normal subgroup of the symplectic 
group is a congruence subgroup in the usual sense. 
Riehm [6] generalized these latter results by dropping the assumption 
that the discriminant be a unit and requiring the ring to be a valuation ring 
with residue class field f F3 and not of characteristic 2. He introduced the 
concept of tableau (which is a matrix of ideals of O) and was able to prove that 
every normal subgroup of the symplectic group is a congruence subgroup in 
the sense of tableau. 
In this paper, we shall generalize Riehm’s results to a unimodular alternating 
form over an unramified dyadic field (i.e., a local field with residue class 
field of characteristic 2 and 2 is a prime). The principal result proven here is: 
every congruence subgroup is a normal subgroup, and conversely every 
normal subgroup is a congruence subgroup. (See Theorem 6.8). In addition, 
Theorem 4.1 determines the quotient group of two congruence subgroups of 
the same order, Theorem 5.3 and Corollary 5.4 describe the generators of the 
congruence subgroups. 
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1. BASIC PROPERTIES OF LATTICES 
Let 0 be a complete discrete valuation ring with a finite residue class field K 
of characteristic 2 and maximal ideal 20. Denote by F the field of quotients of 
0. If 01 is in F, the (fractional) principal ideal generated by z is denoted by [a]. 
A lattice L is a free o-module of finite rank endowed with a nondegenerate 
alternating bilinear form. Thus there is a bilinear mapping of L x L into 0, 
denoted by (x, y) ---f xy, such that I\” -2 = 0 for all x in L (whence my = -yx 
for all x and y in L), and such that XL = 0 only when x = 0. The rank of L is 
denoted by dim L. 
A vector x in a lattice L is called maximal (in L) if s = ~JJ with y in L 
implies z is a unit. 
A nonzero lattice L is called modular if XL = LL for each maximal 
vector x in L. L is called unimodular if L is modular with LL = 8. From now 
on, we always assume that L is a unimodular lattice. 
If S is a nonempty subset of L, use (S) to denote the ,c-submodule of L 
spanned by S and So to denote the z+submodule consisting of those vectors x 
orthogonal to S. i.e., XS = 0. A submodule M of L is said to split L if 
L = M i MO. It can easily be shown that a sublattice 114 of L splits L if and 
only if M is unimodular (see 5: 1.2). 
A canonical basis for the lattice L is a basis {.ZQ ,..‘, x2,) with the following 
property: if i < j, then xisj is a unit if i = 2112 - 1, j = 2rrr for some m, 
1 < m < ?z and zizj = 0 otherwise. One can show that every unimodular 
lattice has a canonical basis (see 5: Theorem I. I). 
The symplectic group S,(L) is the group of those automorphisms o of L 
such that (GX)(U~) = xy for all x and y in L. 
Conaention. We use C to denote strict set inclusion and 6 to denote + 1. 
2. IWJRIANT LATTICES 
An n-submodule &I of L is called invariant (with respect to S,(L) if 
aM S M for a11 (T in S,(L). It is easy to see that 2”L is an invariant lattice for 
all nonnegative integer m. In the following we show that every invariant 
lattice is of the form 2”L for some m. 
LEMMA 2.1. Let x and y be two maximal vectors in L. Then there exkts 
a u in S,(L) with u.t^ = y. 
Proof. (1) Suppose my is a unit, then the mapping c defined by 
u.z = z + ((y - x)z)(yx)-yy - x) 
for all z in L is the required isometry. 
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(2) Suppose my is not a unit, then there exist a maximal vector I with 
my and yz units. Hence we are in (1). Q.E.D. 
LEMMA 2.2. If an invariant lattice M contains a maximal vector of L, then 
M =L. 
Proof. Apply 2.1. Q.E.D. 
3. ORDERS 
Let a! be a unit. Define a mapping LX~ on L by LX~Y = 01x for all x in L. Then 
aL is an automorphism of L. 
If S is a nonempty subset of L, we denote by Z(S) the smallest invariant 
lattice containing S. Since the intersection of invariant lattices is an invariant 
lattice. Z(S) is uniquely determined and is given by 
Z(S) = (,Zoli(ai~J: 01~ in O, ce’ in S,(L) and xi in S}. 
Let o be in S,(L). We define the order of 0, o(u), as follows: 
clearly o(c) is an invariant lattice. 
Let G be a nonempty subset of S,(L). We define the order of G, o(G), to be 
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PROPOSITION 3.1. Let (T in S,(L) with o(cr) = 2”“L for some nonnegative 
integer m. Then there exists a unit 01 such that 
(i) o(u) = r((u - q)L), 
(ii) 2[cd - 61 is contained in o(a), 
(iii) if the z&t p has the property (i), then [a - /3] is contained in o(u). 
Proof. The set of all invariant lattices of L is linearly ordered by the 
relation of set inclusion. Hence (i) follows. 
If O(O) C 2[01- S] for S = +l, since (T preserves the bilinear form, 
Z((o - ol,)L) contains 2[01 - S]L which is contradiction. This proves (ii). 
(iii) follows from the equation 
(0. - /CL> = (0 - %> + (% - /%s,). (3.1) 
Q.E.D. 
LEMMA 3.2. Let U, 7 in S,(L). Then O(UT) C o(u) + O(T). 
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FrooJ It follows from the equation 
4. CONGRUENCE SUBGROUPS OF S,(L) 
Let m be a nonnegative integer and let g = 2”‘L. The set of all u in S,(L) 
with o(u) -Cg is called the general congruence subgroup of S,(L) corre- 
sponding tog. It is denoted by GS,(L, m), or GS,(m). GS,(m) is closed under 
multiplication by Lemma 3.2. Moreover if O(O) = Z((O - a&C), then 
((u-l - a~l)L) = I((a - DIL)(-(Y~‘c+)L), whence 0(0-l) = o(a) and GS,(m) 
is a subgroup of S,(L). Also, it follows from the equation 
m-1 - aL = ~(0 - 01&-i that GS,(m) is a normal subgroup of S,(L). 
The special congruence subgroup of S,(L) corresponding to g is defined as 
the set of all u in GS,(m) with o(u) = I((0 - c+)L) where 2[cx - I] Co(a). 
It is denoted by SS,(L; m) or simply SS,(m). One can show as above that 
SS,(m) is a normal subgroup of S,(L). 
We define a third congruence subgroup of S,(L) corresponding to g as the 
set of all u in GS,(m) with O(O) = /((a - 1,)L). It is denoted by ES,(L; m) or 
ES,(m). One can show that ES,(m) is a normal subgroup of S,(L). 
THEOREM 4.1. Let g = 21”L where m > 0. 
(i) If m < 1, then GS,(m) = SS,(m) = ES,(m). 
(ii) If nz 3 2, then GS,(m)/SSp(m) G 2, (the group of two elements) 
and SS,(m)/ES,(m) E k+ (the additive group of tke residue class field k). 
Proof. (i) follows from the equation 
u-L& = (0 + 6,) - 2% . 
If m > 2. Let u in GS,(m). By Proposition 3.1, o(a) = Z((a - CZ~)L) for 
some 01 = S + 293 where /I is in 0. Define a mapping d, from GS,(m) 
to 2, by mapping u to 6. Then d is a well defined surjective homomorphism 
with kernel SS,(nz). This shows the first part of (ii). If 01 = 1 + 275 where 
/3 is in U. We define a mapping C from SS(nz) to k+ by mapping (+ to 8. Then D 
is a well defined homomorphism by Proposition 3. I. Moreover C is surjective 
and has kernel ES,(m). Q.E.D. 
&1/30/I&j-4 
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5. THE GENERATION OF ES,(m) BY TRANSECTIONS 
Let w in L and let h in F. If the mapping x --f x + h(wx)w, (X in L) carries 
L into L, we shall call it a transvection and denote it by T,,~ . Since 
(T,,,~x)(T,,,~~) = zy, it is an element of S,(L). Clearly T,,~ = IL if w = 0 or 
h = 0. 
The following identities are easy to verify: 
7 Ul!J,A = ~w,u%; (5.1) 
~uJ,x~1u,u - ~W,h+u; (5.2) 
(T,,A)~ = 7W,nh (~1 in Z>; 
Tw,ATz,* = %,TuJ,A (5.3) 
if w, x are orthogonal; 
~~w,P 
-1 - 
- ~mJl,A (5.4) 
if (T is in S,(L). By (5.1), we can make the convention that w is a maximal 
vector in L. Then T,,,~ is in S,(L) if and only if X is in O. 
Let &? = {xi}~~r be a fixed canonical basis of L and let (II be in 0. We 
define the mapping P, with respect to the basis 99 as follows: Pol(.zzj-J = 
olzejP1 and P,(,z+) = &zaj for all j = l,..., n. It is easy to see that P, is in 
S,(L). Let g = 2”“L be an invariant lattice of L with m 3 2. Then P, is in 
GA’,(m) if and only if [a - S] C 2 - Tnlo f or some 6. P, is in ss,(m)(Es,(m)) 
if and only if [a - l] C 2”X-ia([a - l] C PO, respectively). 
In the following we determine the generators of all the congruence sub- 
groups. 
LEMMA 5.1. Let x and y be two maximal vectors in L and let g = 2”‘L with 
m > 0. If y - x is in g, then there exists a product of transvections, each in 
ES,(m), which carries x toy. 
Proof. (i) Suppose m = 0. If [my] = O, then 72/-3,(vr)-1 is the required 
transvection. If [my] C 0, choose a maximal vector x with [zcy] = [yx] = 0. 
Hence we are done by the above. 
(ii) Suppose m > 0. We write y - x = 01z where x is a maximal 
vector in L and 01 is in PA If [XX] = o, then ~,,,(,,)--1 is the required mapping. 
If [XX] C a. Choose a maximal vector w in L with [WX] = U. Then the required 
product is p = 7 ur,oi(wu)-lT.~+z,a((.u~+z)~)--1 * Q.E.D. 
Lmrnm 5.2. In addition to the Lemma 5.1, suppose w is a maximal vector in L 
with [Cx~] = o and xw = yw. Then the product described in Lemma 5.1 can be 
chosen to have the additional property that it leaves wjxed. 
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Proof. (i) Suppose 1~1 = 0. If [Xy] = D, then ~~~~~~~~~~~ is the required 
mapping. If [xy] C D, then ~(~-~-~),(~b+~~))~~~.~~,(~~~)-~ is the required product. 
(ii) Suppose m > 0. The procedure in (ii) of Lemma 5.1 can be 
applied here almost word for word once the w in that lemma has been replaced 
by the w here. Q.E.D. 
THEOREM 5.3. If g = 2*“L where m > 0, then ES,(L) is generated by all 
the transvections contained in it. 
Proof. Let u be in ES,(m) and let L = (OX + oy) 1 M. By the definition 
of ES,(m), GX - x and ay - y are in g. Thus by Lemma 5.1, there is a 
product 7 of transvections, each in ES,(m), which carries x to GX. Let z = my. 
z - y is in g and z - cry = (z - y) + (y - cry) is also in g. Since (ux).z = 
my = (ux)(uy), by Lemma 5.2 there exists another such product p which 
carries z to uy and leaves OX fixed. Now the theorem follows from induction 
on the dimension of the lattice. Q.E.D. 
CoRoLLhRI’ 5.4. (i) S,(L) is generated by transvections. 
(ii) GS,(nz) is generated by the transvections azd P, contained in it. 
(iii) SS,(m) is generated by the transvections and P, contained iz it. 
Proof. The corollary follows from the definitions and Theorem 5.3. 
Q.E.D. 
6. THE DETERMINATION OF THE NOWUL SUBGROUPS 
From now on, we assume that the residue class field k contains more than 
two elements, and dimL > 4. 
Let u in S,(L). We denote by G(o) the smallest normal subgroup of S,(L) 
containing U. 
LEMMA 6.1. Let 71 and TV be two transvections in S(L). Ifo(rJ is contained 
in o(T~), then 71 is in G(7.J. 
Proof. Let 7r = I~.,* and ‘~a = T~,~, 
(i) Suppose that u = pap for some unit p. There exists, by Lemma 2.1, 
a o in S,(L) with U(~LX) = y, thus 7z,a = 7Uz,a = 07~,~~-.1 is in G(r,). 
(ii) Suppose that 01 = 2,$I for some unit p with p + 1 (mod ZO), then 
31 = p((l + p)” - 1 - p”) and the result follows from (5-3) and (i). 
(iii) If 01 = 4&with p in D. Let Y be a unit with v $ 1 (mod 20). Then 
01 = (-2~ + (2~ + 4~))/3 and the result follows from (5.3) and (ii). 
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(iv) If 01 = 2ELp where p = 8 + 2~ with v in D, then 
01 = -2/3 + (2(6 + 1) + 4V)/3. 
Thus the result follows from (5.3) and (iii). 
(v) If Q: is a unit. Since K is perfect, 01 = p2 + 2v for some unit p and 
some v in O. Thus the result follows from (5.3) and the above four cases. 
Q.E.D. 
LEMMA 6.2. Suppose that dimL = 2 and g = 2mL. If O(O) = g, then 
there exk-ts a in G(a) such that 
6) 44 = 44, 
(ii) there exists a maximal vector x in L with TX = oIx for some unit 01. 
Proof. By suitable choice of a canonical basis {x, y} of L, we ca.n assume 
that ux = ax + by, uy = cx + dy where a, dare units and [c] = 2”s. Then 
[l - d2] is contained in [cl. Thus there exists some j3 in D with 
1 - d2 + cd/l = 0. Let T = a~,,~o-%~,-~. Then T is the required isometry. 
Q.E.D. 
LEMMA 6.3. Suppose that dimL = 2 and g = 2nkL. If (T is in S,(L) with 
o(a) = g, then ES,(m) is contained in G(a). 
Proof. By Theorem 5.3 and Lemma 6.1, it suffices to show that G(U) 
contains a transvection which has order g. 
There exists, by Lemma 6.2, a canonical basis {x, y> of L such that ox = ax 
and uy = /3x + &y where a: is a unit and [/3] C 2”“~ Let p be a unit with 
p $ 1 (mod 20). If l;s] = 2” 0, choose 7 = uPUu-‘P;’ in G(u) where P, is 
the mapping defined in Section 5 with respect to the basis {x, y}. Then 
T = 7,,,8(1-Us) and O(T) = [/3]. If [/3]CC2"a, choose T = T~.~uT,,-,u-~ in G(u). 
Then T = Tx,,&a-l) and o(T) = [a2 - I]. Since L;a] C 2”0, thus [a2 - I] = 2”0. 
Q.E.D. 
LEMMA 6.4. Let u in S,(L). Suppose that ax = CCC + /3y where [xy] = o 
and [z?] = 2%, then G(u) contains all transvections 7 with o(T) c 2”L. 
Proof. Let p = (xy)-’ and let 7 = UT,~,U-~T~,-~ . Then 7 is in G(u) and 
7 = T,,+~~,~T,,-, where T is in S,(M) where M = OX f .oy. One can easily 
show that O(T) contains 2”L. The lemma follows from Lemmas 6.1 and 6.3. 
Q.E.D. 
LEMMA 6.5. Let g = 2”L and let u in S,(L) with O(u) = g. Then there 
exzkts a maximal vector x in L with [(ux)x] = 2”~ 
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Proof. Let o(o) = E((a - c&) and let x be inL with 
[((u - ci&)L] = 2m0. 
If [(cx)x] = 2”0, we are done, so assume that [(ux)~] C 2”~. Let y be a 
maximal vector with my = 1. If [2(01 - S)] = 2n1+ for some S = 51 and 
[(uy)y] C 2”0, then [(u(x + y))(x + y)] = 20~0. Hence we can assume, by 
Proposition 3.1, that 01 = 6, let u’x = ax + by + czu where w is in (x, y)O; 
a - 6, b, c are in 2”e. By a suitable choice of X, we can assume that [c] = 2tTz”1*i. 
Let z be in L with ,zw = 1. If [(u.z)z] C 2’“0, then [(u(x + x))(x $- z)] = 2]‘“0. 
Q.E.D, 
LEMMA 6.6. Let g = 2”L and let u be in S,(L) with O(U) = g. Then G(u) 
contains ES,(m). 
Proof. There exists, by Lemma 6.5, a maximal vector x in L with 
[(ux)~] = 2”%L. Hence there is a vector y in L with [my] = D and uz’ = 
olx’ + fiy where [J3] = 2m~. Apply Lemma 6.4. Q.E.D. 
PROPOSITION 6.7. Let g = 2”‘L and let Q(m) be the subgroup of S,(L) 
generated by all TUT-~U-~ with 7 in S,(L) and a in GA’,(L). Then Q(m) = ES,(m). 
Proof. It is easy to show that Q(nz) is a normal subgroup of S,(L) with 
o(~(wz)) = g. Hence Q(m) contains ES,(m) by Lemma 6.6. 
Fix a canonical basis B = (q}f$ . By Corollary 5.4 (ii), G&‘,(m) is generated 
by ES,(m) and P, where [2(01- S)] C 2”“0. By Corollary 5.4 (i), S,(L) is 
generated by transvections contained in it. In order to show that 
D(nz) C ES,(m), it suffices to show that PUrz,,P;%;,tj is in ES,(m) for all P, 
in GS,(m) and 7X,A in S,(L). Since P,,= AP;1 = -K~,~ where y = P&x) = 
Bx(mod g), it follows easily that PU~3c,AP;1~;,1A is in ES,(nz). Q.E.D. 
THEOREM 6.X. Letg = 2”L and let G be a subgroup of S,(L) with o(G) = g. 
Then G is a normal subgroup of S,(L) if and only if ES,(m) C G C GS,(m). 
Proof. Apply Lemma 6.6 and Proposition 6.7. Q.E.D. 
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